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TYPES & REPRESENTATION of GRAPHS

—— REPRESENTATIONS
1. Adjacency  Matrix

Pv.j= | ¥ Maere ‘¢ oan edpe
0 otherwige
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Social wedia netwerke ore very sparte adjocency matrices
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3. Edlbe ligk

T Edge (W) when W is wwnecked Yo v ovia an edoe

(v1,02)
Q e (02,03)
) (02,01)
Q Q (V3,04)
Q G (04,05)
(Z’_;,Z’())
— TyPeS
I Null graph
6lV,8) where V=E=¢
2 Emphy 9raph
GLV,E) where V# b but €=9
3. Directed and Undirected Graphe
For ditected graphs, © For undirected geaphs,

Ay # Ay (A # A7) Ay = A CA=AD



& Simple and Muitigrophs

Simple grophe = graphe where only Single edge ean be between
any pair of wodes

Mulfi arophs: wwikiple edges  betieen W0  wnodes

- ) wde graphe Umuitiple hyperlinks between 2 welbopages)
- odjacenty madvix: nuwboers lacger Yhan | as  enkries

:_: g Multigraph

Simple graph
5. Weighted  graphe

\A)eiav\-}s: could ve dittances

6. Web 60&9\/\
Directed  mulkigroph
Nodes- sites, edopes: links

Two sites can have wulfiple links and loops



7 Siane_d araphe
Binary  wents  Cep: Friends § foes)

3. Cownected and Discomnected Grophs

Connected Graph Disconnected Graph
Indudes 3 components.

1. Bipartite and Monopartite Graph

Bipartite: nodes belong to 2 tebe tuth Hhak there i€ o
relakom  ammg  members of A set o relafions owly between
membere of sets

- eg: vtere Ve itew trecommendation s\aﬁ-cvn)

Movoporkie: only owe ippe of node



. &‘u?uﬁ'\"\'e. ﬁmp\/\ can  be ?ro(\e(kcd oo mono parfte %mp\ns
Wit inferred ownectme

© Eoportiter K owede 4ypes

10
20
15
L 40
\ i
\24
14
10
Graph 1 Graph 2
Viewers and TV Shows Projection of Viewers
Bipartite Graph Monopartite Graph

Relationship weights = Number of episodes watched Relationship weights = Number of shows in common

© Relafimihip weightt of proyected graph: similarity measure

Projection of  boipartite groph  based m inferred velotien

Graph 3

Projection of TV Shows
Monopartite Graph

Node weights =Number of active viewers

Relationship weights = Combined episodes watched
by viewers in common



0. tyclie oand Acbc\(c hro\P\r\s

© Awyclc: impossible Yo start ond end on tawe node witlout
fetracing  steps

ey e ‘ ei
0- [ @ —0

4

o 0 06 © — 0 o
Graph 1 Graph 2 Graph3 Graph 4
Acydic Cyclic

Il Affliation  Netwerls

© Uniparhite nerworls: networ of  friende
B’\par’r'\\'e netwovus:

o Afiliakion netwovk: people no¥ (ovmected o cath other,
oraonitaune not womnertted o each o{*\ner-> people individu-
ally offiliated *to one or move waammﬁuns

> Mewbership of people on corporate board: members not
wnnected, boords not  wnnedred;, members wwnected Yo
one & mwore bvoards

* Tripartite wnetworks
- wters, communities, invevest  fermg

« A network of Livelournal users

- users (part 1), communities (part2 ), and interest terms (part 3).
+ Auser belongs to a community (1-> 2 type edge )

+ Auserisinterested in a term (a 1-> 3 type edge)

« A community declares a term as an interest (a 2 -> 3 type edge)
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. Heterogeneous grophs
Nodes § edges of diff typec handled differentiy
- Homogeneous  graphe
© Nodes § edges inctamces of Single Hype
- Dynamic and Sradic  Braphe
D.()Mw\‘xc grophs  thange over time
Knowledae &raph

Directed mulri relodhonal smy\n wheye on cd%e represenis
o tuple i) — head , reladmn, o0

© €y CStar Trel, benre, Sdence Fekim?

. pr ewsmp\n

Generalitation of wndivected grophe i which edoes  are
subgers of 2 6 wore verhces

Huperedget townect arbitvary number of nodes
Size of vertex set: evder of hyperpraph

No. of \r\yerer&es: gie of \r\\,gyeramph
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X= Vi, Ve, Ve, Vi Vg, Vi, Vol

c= {e,,e,, ¢4, 61

V= Lo, vl fvsovad, fvy v vl dv
Ocder =7  Cno. of wodes)

$ire >4 Cno. of Wyper dqes)

Alckon, b Aol }w‘,(l/fu.wce_

HOW\OP‘A'\\S'. 3 m'\\ari-ho

Selectim: friend seleckion
* Social influence: peer influence (eg junt food, drinking et
lontext dependent

Cither pure Soual, pure selection o Combination of
sodal + Selection
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STRUCTURAL HOLE

comned by Ronald Bury

®
3 o6&
ll /, .
/, /
“-o o/:\o*
HoleS in  infermotin  flow  between roups

Brokerage Opportunity f5v  Eoo

® (©

®)

B: oo taking advantage of struchural ‘ole vetween & g C

- n epo netwers, 2o s cevaval node +Haayr oMl other wodeg
are Lonnected i-o and oters are all e cwrouno\ma nodes

divectly cownecred +o dne (.5



Real -life interpretadion of broterage opporiuniy

L I A,Bond C ore n e SLame group
- toordinotien  Broker: B brokere between wewbers of e
tame group
- Ea- manoger of o team

2 Aand C in e same ofoup, B diffeverd
- (ontubont Broker: B connects wewbers of ¥ne group Foaetner
who want 2 different endt ofF o serviee/task
- e skock roler covw\edcina & buyer and o teler

3. A and € are wn dikeerent groups
- Repreceriative Broler: B nepotiates on behalf of A o C
- Godeleeper  Broker: 4romtothen beping OF A, patces do i
group's goreveecer B
T (potekeeper): B-centut lburean, C-govk deptr  A- public

- A,B,C diffevent oacoups

- Uoson Broker: § ?lmss neulval role between A 4 C
- Gy A-ocker, B-ogent, C- producec

Measures Reloted 4o Shyuchural Holeg

|. effechive size. number of olrert Haot g0 Wl wminu¢  average
number of Xes ench alter has to obher alvers

A: €40
&,(,0: Qlfere

7
(»)

)



- A W 2 Yes, eath Hed 4o 2 otners CMO.V\& redundany
ieS)

- Avemg)e, degree of o¥rer OMrert i 2
- Eifeckive tine of A'e 4o network = 3-2 = |

- Tf v ourere invecownected, efechive S\ie of At eyo
netwoel © 2-0 =3

porfien of Lsok Yiec “al  are non- redundont

- EfAcienwy = Effective sine of A% eg90 net
size of A% eqo net

- For fcct groph, fize= 3 (2 awers) ond fRclenty = Y3
- Fov second aro\?\n, she> 3 ond efficienuy =)

€60 NETWORWLS

Focus own individual

Eﬁo netw(L  datra comwonly arites in 2 ways

1. Collect dota From eg0 obout interackient wih alters
m diff social ertings § ast about ‘es bLetween alters

2. Snowball method : oas\ e o idehh'-Fa oltere , ¥hen ast thote avters
to \denh% theic  Aes/alteve



Use ego nek 4o make predictions oabout eo (eatth, longevity,
economic  Success ete)

tilect of socio\ convext on individwol attributes bewaviours and
tondirigng

Sum of epo netwivus = soua) netwotl

Homopwily v oo Networkg

Porfion of +ec ™ eop net +aat are  Womophilous

- _ouh ies T o\rer share Same oty
total no. 0fF XHec W wo net

- Correlodion logtween epo oty and  o\rer oy

- a& nodel are elvaer wewoert of case red (AR
homophiln= I
prity 3

® ®

©

Rscrrhakive wixing| actovtaving ¢ o bias in favour of
onnechms  bvetween network wnodes win  Simiary  cnaracteritnes

- “°"‘°?\"“‘ﬁ



Dcv\s'\h\:\’ of €ap_Network

Size = no. of oalrere

Dentihy= frockion of rotal no. of postive Hec n the ey
ner ot are Ochwally present | exdwiina e eao

tonsider an epo onnected Yo n alrere

AStume e,ao net hat L connecliong between alteve

Mﬁuminﬁ undirectred am?h, total no. of potsivle thdaee b|w

Mae avrers = nln-t)
2

Dentity = L
undir n(.“"‘)ll

Msu\m'ma directed graph, total no. of Possible ed«ses b/w
e atrers = nln-N

Dem\ho die T T—D

fovwnobin o Weaks Fuo

v v

Mark  (ranovetrrer

People with wangy weall Xet can jain Speedyy Odvantages in
learning oloowy ond c.aih'mb n M new endrepreneuriol
opperiunitieg

Trony: weak ties  provide chvongper foemn of social capital for
coreer odvancemente



© € lnkedIn — Gwnedt to weak riet o et oppeviunity

Determined \o|6 3 dharacreritiics

L long durofim of reloafimenip

2. Uoseness of relatignchip ~ c\o:e[veru ote
3. Fru\,\nma of contack - fequent

Tn network mops, thrmg Heg are solid \inee

denefits
B hevxera\\“ rutrwertw
9. Provides depn of intoymahen

Determined ‘o\A 3 characreritiics

I Shovt duratim  of relwhmewip

2. Uosenect of relatignship — not close
3. Fruw\ema of contoct - ir\&eq,v\em-

©Tn networL maps, weak Yes ore dotted \inec
Revefits

\ Provide unigue pertpectives
2. Helpful fox identifying - opportunities



Cligue

Subter of network in Which ok are  mwore c&ou\g ond
inhme\\u, Yed Yo one onothec Ynan w\e% are +to other
membert of dhe netwaw

- Human  tendenty: on e basis of age, aewder, race, religim,
etnicity et

Dod: cligue of 2 acteve (cmalleh)

Uigues ore ogreat ot tnowledge preservation, no¥ good ot
Lnowledae aeneratin Ccligues are  wnowledae veservoire)

Weoal Hes serve at \oﬁdﬁes

Weak % styong Het ave gaek weighted edops with appropriate
weigwts

€y finding o job

= Syong. more wokivatim fo  help yow

~ Weak: less \iwely overlap with \eads

- Shudy: wosk job  refervalk tome Yarough Hose we tee
varely

- Roard of directuve: wwtk wmode\l Suth  Haot  boards are
independent and not influenced oy vested  intevey



Cewdvality Pma\t_/'\ﬁs W bropng

Centrality - wmportance of o node in o graph

" Nodec mogbe importont from on anpje

Nowalised Dearee Centra\ity
g \J

Normalised b& MaX postible degree (n-1)

cdnorm W = _d; mego-level analug ¢
_‘—“_‘ ‘°‘O Freeman
Nevmalited oy moax degyree
c:\ax L\/"> - d
Max; dj

* Normalited \owA deﬁree tum

C:‘um vy = _dy = _d;

Linton Freeman developed basic measures of centvality

Depree cevtrality: fov undirected oraphe , waweighted graphs
Cat it viates towards ctronaer xies)

. Dcﬁree cevx‘tmm» only wsed to make tomparitens between
oactore of the tame ner 6r Aiff nets of same Size

- 3\ ghowd wot compare netwerks twatr  differ areaty
Glze  Chigher noym  Scove For imaller  arapho)

Neighbour focused, not global



Iv\a\e@‘ee cewtm\ihd » no of Ye¢ vecewved oyy an octsy y Meagure
of populariy e prectige

= o "

Outdegree cenimality. o of Xies given by an ackoy - meature
of expansiveness er gregariousness

v = o

Combinah m
out

v

in

RETWEENNESS (ENTRAWTY

Deat‘ee ceV\*m\ihQ DV\\lA looke o eto network CLimmediate +iedd)
ond does not cowtider e rest of the wnetwork

Betweenness cewtrality: how much  potential cowtro\ an actey
has over the flow of information

© Hon wany fimes an  acter it on the %eoo\esic | shortest
poth between two acters topether

How cemtval vt role in cownecking o poir of nodet ¢ and
v
be.\);,)-" Z Og V)

S#E#V Ose
R all sut voluwes

= Ot N0.oF thortest paths fram s fo & (info  poathwowne)
= 6, Wid: no. oF Swortesk pathas frow ¢ Yo b ot posc Harouph

Vi



Best case: o (v) = O,

o e O v lies on all thortest pathag

5.“‘- LV',) =

Oge

Max vale of € in undivected grophs
¢, = 2 | = MC-; C\ |> -N
b max T C
SEEEVC z n—’h\
J
S ¢t chosen

fromn n-\
nodes (a*™ W v;)

C, = (n-Dln1)
wmax 9

© Max volue of () w direcred orapwe

™ &1 2T s G« o)
TERT -5

C = (n-Dn-2) =2 n-\C—L

b Mmax

Normalised berweennest cewtm\‘\hA

MM v = )
aC"'c,)



8. Calcu\ate cbtv,) for ¥he given groph

© Al pathc letween & § & go arough v, (AW values of
$ bk

- 8
(‘."> ) = C,
ATY™m

Normalised ¢ Cvd = |

© Betweennese  ewivality for any other node i Yae aoph s
0

Wigher betweenness  cewirality onavacrerised oy tore styuviural woles

Low deV\s'u’rﬂ Swove weant wore structural  woles

diversity of tame info
- Po .
" dtev\u’rn
dencity A goove = 0.67
Score =0




tloseness Centrality

How cloce o wnode is from ¥ne vest of the groaph

(loseness cewtm\ihd =0 weant ¥ has wo neiewoour: ond
seveved From the rest of twe net

Clogenest cenhaliha =1 meant W% ¢ o\ired\-\\a ovnected 4o
every otier node

Cevtva\ nodes: swaaller avevage swertety  poth \en@rhs Yo other
nodes

length of

= J aeodegl‘c.
C.lvd= L whe L, = L, bwWia)
- L '

. N
n-\
v VitV ¢

O tateaate €, QD | € LV, C OV, C OV, € OV

® -5
(D) (D i
()

Ly, = 2 L= dCi2enN = 3
LS\"- =1 * z
lay = 2 Clvd:= 2 = 0.6]
N e 3
3,8

c v = \/(C 142424 )4 D 5

= 0
C Vo) = /(L 1x 1t 142)/4) = 0.8
Co LV V(e +2+DI8) = 0.6
C. V)= (342410 [4) = 0. 57



Harmonic Cewtvalitn

L
A4

* Mean reciprowl distance
— PARGE RANL

Discrete MMarkov Process Crecall W1

Secies of experiments performed ot regular Hime intervale
Always Same ser of potsidle opurcomes

Discrete tteps of Yime

Outcomes called states

© Model tan be n owmy one ctde of ony given  rimectep
Nexy strep: an ttay i Sawme state or wove ¥o another state

Movement ‘ojw states: ?ro\oa\o'\\'\-\-\é

Stodnaskic Trawmsihon ?ro\om\oi\(hﬁ Matrix

oy Pla,,.= 851 44 =S
Sum of coluwmn =)
Stochastic: all row tumt=1, QW values won-nepptive

Time 4|
S“'ﬂ‘\'ﬁ sl S 83 SIt Total

$, 0O Q2 03 O

Time | 8, [ ayy a2 G4y Qa
¥ Sy | oy By gy Qgy
S¢ | oy N Oy Oy




Eioen Decomposition Theorem

Square modvix com be decomposed into eigen vectuys Y
eigen volueg

let Coaem B¢ & ™MOYiX  Xp be o column veckw and A,
be o constont

ka——k,&xp‘

© The n column vechire Xq Ond Hae n voluec of A, are
Yae vight cigenvectove and  eigenvalues  respectively

Principle vight  etaenvectiv:  covrespmds o elgenvalue of
largyest Maan‘\‘mo\e

Leftr eisenved'mr 1€ o oW vectey

X, C = AX,

Ateody Ao

Probaloility for hramgitioning to o state reachet o \tm\hng
value ot € oo

. Pro\oa\o"\\i&& vedker X TramgiHon matrix = ‘Pro\oo\bm\'& vecroy

Steady Srade: L\%&V\\Ied‘lﬁ £ sodaatie marrix



ERGODIC MARLOV (HAIN

let Marbov daown  start ot t=0 n thate i

© If Ynere exitks a timesyamp volue T, and o state ) tuch that

e ol £>T, ¥hae probability of beingy in state y k70, +he
chon  is evgodic

Londitions fov enpodicity

\ Irreduc‘lb\li\-\az sequence of trawmsiteng of wow-zero proboability
from ony  stote +o any other

2. Aperiodicity: Stokes are not parkrtimed intD sett udh that al
thate transifions octur eyclically €rom one fer to  anodner

STEADY STATE THEDREM

For any Erﬂoo\\'c Markov ohain, Xnere & & unigue tteady
Stode probobility vecker T Cleft principe efpenvectyy of
Nontition MoArix P9

MTP=AT A=

Page Ront Foomula

© Web: netwok  of  web pagps

Page rank: numeric volue (epresenting importance of & page m
We  web

One ypertink from e page Yo anotner: e vote
Needs o e immune ko \ink cpamming

See - R'\b Dot wwit 2



* Model WWW 08 & diredred groph

Pa‘be | 9%( 2
Links do u“\‘“ o
2
2
3 4
Page 2 foge 4
Uinugto Links to
4 \
\ 2

Directed groph

SPECTRAL ANAYCIL TO EXPLMIN PALE RANL

. e\‘@memv ww\m\i’r&: generalise Aeﬁree ¢ewh‘a\ih6 (-6\.0\00\\
cenbrality) — undicected graphs

©Think: WWion edae KR of R-C shoud be tevered +o wave B
tafe o  $TDS?

- recunSive C(depends ot probolbilihy of being wlected by
w L, ¥helr v\e\éwowrs, 30 ™)



Dc.aree cew\m\(-ho-. uwiet no. of hei&hwurc

We wont contaliy of v, o be o funthon of ik nelgnbours’
centvolities

Proposal: cevxmﬁha of v, « gceuﬁm\ﬂn of V\e'tawoour

Astume everyone has an inital scove  trankd of | and wpdate
tentvalities vecurtively

et X= ?ow\arihd vectoy

O—G

X; (o) = popularity of § ot t£=0

¥3 (= Z A;‘-) X3(03 fsv oll nodes i#) where Ay i
e number of linkk oetween i@
Cadjacency  matyixd

Vecker formn

XD = A.X(0)



At tiwme b
XKD = A XG0 = A2 K(ED) = o= A XL0)
X ) = A X(0)

For some large valwe of £, it will stailise

Lek X(0) e o linear cowvinakion of eigenveckors of A
X(0)= &3V
Plupging n , X&) = LA
© We Lnow  Avz AV (v -eipenvecty)
Ave v
: P\u@o’mﬂ in,
XY= LA ¢ v,
© Divide by principle  eigenvectsr Af’

Xy = Aty

A AY
M .XCJl = C(V\
to o AS

" Popwlarity value convergec o principle eigenvedsr of odjncenty
Mot



FoY Aicecked acaphg

An  inihal \wpvu\ari—\“ e i odded 4o Yee c.ew\m\‘\ho values v
o\l nodes

oL o\e?ev\ds m nei&\r\\oouw\l\ooa\

X;U): ol g l\:‘i )(-3[0) ¢ F

e, )= o 8 Aji Cupq () +$
X
Vector Form vectir of all 4g
er oo - \
%‘Lc his ¢ ko — % A Cppy ¥ ‘F('D

\ﬂmhvela

wlve

\arder +o ) - aa).
rder __,Cm_b FCI &A) 1

P%e Rank - divide value of ?assul t.evha\'\*“ \03 numboer of
ow\'%o'\na Wn\Lg

n

CPCV-‘) 3 2 Cv ¥ F

v=! o



RANDOM  SURFER TO EXPLAIN PALE RANL

* Model of user bewaviowr
I Tnitlally every web joge choten uniformly of  random
2. thoote O layperlink on the pasy with proalality o

3. With ?ro\pa\,il\'\'\a \-d, perform vandom WAl ;m web oy
vondemly chooting o node and then rettart ab Step |

Moém-\kw\ - Ralic Pa_q)e Rank

1. Inanetwork of n nodes, we assign all nodes same initial
PageRank 1/n

We choose no of steps k
We then perform a sequence of k updates as

1. Each page divides its current PageRank equally across its
outgoing links and passes that to the pages it points to

2. Each page updates its PageRank to be sum of the shares that
it receives

4. So, the PageRank remains constant ( no scaling needed) —
neither created nor destroyed but is just moved around

5. AsK->oo, the PageRank of all nodes converge to limiting values
( don’t change any further)

Alarvithw - Scaled fape Rank

1. Frsk: opply basic PR update rule, Second: teale down by a
factor of ¢ o that total PR is down fram V4o & (s <)

2. Divide vesidual PR (1-¢) into w wode¢ og \-§
N



Lirutaliong of Bowic Poge Rank

. Ranie Sinks
Pope as no outdping edaec, only incoming edges
Monopolise Scoves

2. Hoarding | Grewlar  Refecence
tiroup of panes +that only link between eadh ofher

3. Dow\&(w% nodesg
Tsolaked node (no \inkg ot a\)

Teleporting: vandom surfer will teleprd to rondem  LRLs for o
propevtion” of Wops Cl-o)

Usm\\\ﬁ: o=0.8C | |-a = 0.1

BmS\C PR in=2
owr =z |\
in = 2
outr =\
Iterahom O T+evahon 1 THerotion 2 Ranl

A Vg Yz /g = 0-125 L

8 Yy Sz Slay = 0.208 3

c Yy 3/8 3/8 = 0.375 I

D Ve VES 3 = 0-333 Q




Ttrerotion |

PRIM

()]

PRCOY z _‘ﬂ_ = 1
out CC) 3 \2
PR(B) = PRCA) ¢+ PREOD = Me + Me = 5
ownY CR) out(o) 2 ) ay
PRCO = PRLA) + PRED) = 'y + Yy -
oWElR)  owr (D) 7 {
PRLD) = PRLED + PRC = Y& + Mg = 1
out (B) o) \ 3 3
Tterahon 2
PR(M = PRCLY = 218 -
out CC) 3 8
PRIB) = PRIA) ¢ PREOD - 'Y + 2/e _ |
ouY CR) ounr(o) 2 3
PRLO) = PRLA) + PRID) = 2 & _\_13,_ =3
owr () owt (D) 2 { 8
PRLD) = PRLB) + PRCL) = St + 3/8 -

N
out (B) owrCo) { 3 3



Google PR~ no weed +o divide \-a by 0

L= 0.5
|
&4@ :
|
0

Trowcition  madrix (divide oy no of owHinlQ)

‘—_—o

OOO-

"QOO

soufce
O o | h
dest [13 0 o =T
Y3 © 0 Y
Vs Lo b

Tnifial pooe  rank

Y

X > | Yy | = X(0)
Yy
Y

Tteroafon

XM= (L-o) + & TXO)
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